Eleven dimensional supergravity has electric type currents arising from the Chern-Simon and anomaly terms in the action. However the bulk charge integrates to zero for asymptotically flat solutions with topological trivial spatial sections. We show that by relaxing the boundary conditions to generalisations of the ALE and ALF boundary conditions in four dimensions one can obtain static solutions with a bulk charge preserving between 1/16 and 1/4 of the supersymmetries. One can introduce membranes with the same sign of charge into these backgrounds. This raises the possibility that these generalized membranes might decay quantum mechanically to leave just a bulk distribution of charge. Alternatively and more probably, a bulk distribution of charge can decay into a collection of singlely charged membranes. Dimensional reductions of these solutions lead to novel representations of extreme black holes in four dimensions with up to four charges. We discuss how the eleven-dimensional Kaluza-Klein monopole wrapped around a space with non-zero first Pontryagin class picks up an electric charge proportional to the Pontryagin number.
I. INTRODUCTION
The only bosonic fields in eleven dimensional supergravity are the metric and a three form potential A for a four form field strength F . The gauge symmetry is Abelian and the gravitino couples to the four form field strength rather than the potential. Thus it might seem that there were no charged fields in the theory. However the action contains a Chern-Simons term [1] S CS ∝ (A ∧ F ∧ F ), (1) which implies that the divergence of the four form field strength is non zero
In other words, there is an electric type bulk current * (F ∧ F ); the magnetic type bulk current is however zero since dF = 0. This means that any magnetic charges P X = X F where X is a four cycle are purely topological and are the same for all homologous X. On the other hand the electric charges Q Y = Y * F where Y is a a closed seven surface can have both topological and bulk contributions. There is also a contribution to the electric current and charge from the term in the bulk action that is needed to cancel anomalies from the world volume of the five brane [2] . One can integrate the electric current over an eight surface K with ∂K = Y to obtain the bulk contribution to the electric charge. If K were asymptotically Euclidean, one could conformally compactify by adding a point at infinity. The Chern-Simons part of the electric current is conformally invariant. Thus its contribution to the charge at infinity must integrate to zero unless the fourth cohomology class H 4 (K, R) is non trivial. In particular, it will be zero for K = R 8 and the anomaly bulk contribution will also integrate to zero. This means that the ordinary asymptotically flat membrane cannot decay by losing its charge to a bulk distribution in space.
On the other hand, a bulk electric charge can occur if K is either not topologically trivial or not asymptotically Euclidean. As an example of the first kind, consider S 4 × S 4 and send a point to infinity by a conformal transformation to obtain an asymptotically Euclidean surface K. One can choose the conformal factor, the scale of two extra flat spatial dimensions and the four form to satisfy the time symmetric constraint equations. This would give time symmetric initial data for a solution with an electric charge that arose solely from bulk contributions. The classical evolution of such a solution would be collapse to a membrane. However, we shall show that the situation may be different when K is not asymptotically Euclidean but obeys some generalization of the ALE or ALF boundary conditions in four dimensions. In that case bulk charges can be classically stable though one would expect that they may decay quantum mechanically into a collection of membranes which would have more phase space.
We will show that there are static solutions with bulk distributions of electric charge even when the topology of K is R 8 . Such solutions preserve a fraction of the supersymmetry provided that K admits covariantly constant spinors. If the anomaly form confined to K does not vanish, one must have such a bulk distribution of charge. Provided that K admits a self-dual harmonic 4-form which is finite on the boundary Y one can also have contributions from a Chern-Simons bulk current. Solutions for which the Chern-Simons term is non-zero have not been much studied, but an elegant framework for incorporating such an F in a fashion that preserves supersymmetry was developed in [3] and we extend this framework here.
One can introduce generalized membranes with the same sign of charge into these backgrounds. This raises the possibility that membranes in these more general backgrounds could decay quantum mechanically into a bulk distribution of charge or vice versa. Five branes on the other hand can not decay in this way because there is no bulk magnetic current.
Several of the solutions which we construct have particularly interesting physical interpretations. For example, we find solutions describing eleven-dimensional Kaluza-Klein (KK) monopoles wrapped around topologically non-trivial worldvolumes; the anomaly induces an electric type bulk charge. This result is as one would expect: if one wraps any p-brane around a surface of non-zero first Pontryagin class one induces (p − 4)-brane charges [4] .
When one wraps the KK monopoles around a torus or K3 × T 2 one obtains extreme black holes in four dimensions, with up to four charges, some of which arise from ChernSimons and anomaly terms. The resulting four-dimensional spacetimes resemble those of multi-center black hole solutions, although the two types of solutions differ by the presence of pseudo-scalar fields in the former, which originate from the part of the 4-form confined to the compact space. Black holes obtained by dimensional reduction of bulk distributions of charge have more singular horizons and higher temperatures than those with the same charge in membranes. This again suggests that bulk charges will decay quantum mechanically into membranes.
II. VACUUM SOLUTIONS
The bosonic part of the action of d = 11 supergravity is given by [1] 
where g M N is the space time metric and A is a 3-form with field strength F = dA. We have set κ 2 to one. The field strength obeys the Bianchi identity dF = 0 with its field equation being
In general, there will be gravitational Chern-Simons corrections to this equation associated with the σ-model anomaly on the d = 6 fivebrane [2] . The corrected 5-brane Bianchi identity takes the form
where β is related to the fivebrane tension by T 6 = β/(2π) 3 . In all that follows we shall take β = 1 for simplicity. The 8-form anomaly polynomial can be expressed in terms of the curvature as [5] 
and there is thence an additional term in the action of the form
We will start by looking for solutions of the form
where we take coordinates x µ , µ = 0, 1, 2 on the Lorentzian 3-fold, and coordinates x m , m = 3, .., 11 on the Euclidean 8-fold. We allow the scalar function to depend only on the latter and assume both that the anomaly form is non-trivial and that the Chern-Simons term does not vanish. Initially we will consider vacuum solutions; that is, we do not include membrane or fivebrane source terms. We will refer to the conformally transformed metric asḡ M N , and associated covariant derivative asD.
It is natural to choose B 3 to be a symmetric space, and take F to be of the form
where f (x m ) is a scalar function that will be related to the scale factor H(x m ). We will also allow for a general F on the 8-fold, the form of which will be fixed by the field equations. For clarity we express the 4-form as the sum
where F 1 takes the form of (9) and F 2 represents the part of F which is confined to the 8-fold.
The presence of the anomaly term in the Einstein equations makes it difficult to look for solutions of this form by solving the Einstein equations explicitly. Instead we look for a supersymmetric configuration satisfying this ansatz. Since the gravitino Ψ M vanishes in the background, the only non-trivial constraint on a supersymmetric solution is that for some Majorana spinor η, variations of the gravitino vanish:
where Γ M is an eleven-dimensional gamma matrix. Our conventions and notation for the gamma matrices are given in the Appendix.
Solutions of this type, for which the 8-fold is compact, were discussed in [3] ; since the analysis of the field equations changes little when the 8-fold is non-compact we give only a brief summary here. We decompose the eleven-dimensional gamma matrices on the conformally transformed space by takingΓ
where γ µ and γ m are gamma matrices of B 3 and B 8 respectively. γ 9 is the eight-dimensional chirality operator which commutes with the γ m and satisfies γ 2 9 = 1. We then decompose the eleven-dimensional spinor η as
where ǫ is a three-dimensional anticommuting spinor, and ζ is a commuting eightdimensional Majorana-Weyl spinor. Then the µ components of the gravitino equation reduce to the requirements thatD
which implies that the symmetric three space B 3 must be Minkowskian. In addition, ζ is of positive/negative chirality corresponding to the positive/negative signs in (9) , and the function f (x m ) is given by
The resulting solutions take the form
One way to satisfy the m components of the gravitino variation equation is to impose the requirements that B 8 admits a complex structure and has holonomy contained in SU(4). The other is to assume that B 8 has holonomy of precisely Spin(7) which we will discuss below. In the former case, the only non-zero components of the 4-form within the 8-fold are the F abcd components which must satisfy
where J is the Kähler form, and we use complex indices. On a compact Kähler space, we can express the solution for F 2 in terms of the harmonic 4-forms ω i 4 as
where h 11 are components of the Hodge numbers. Quantisation of the magnetic charge imposes a constraint on the v i ; defining a four-form G which is related to F 2 by normalisation factors, flux quantisation requires that [6] [
where P 1 is the first Pontryagin class of B 8 and [G] is the cohomology class of G. Note that we are defining the Pontryagin classes without factors of (2π). The existence of spinors on B 8 implies that P 1 /(2π) 2 is canonically divisible by two. Depending on whether it is also canonically divisible by four, G will have integral or half-integral periods, and the coefficients v i will be integers or half-integers. Now the 32 component real spinor of the d = 11 Lorentz group decomposes into representations of SL(2, R) × SO(8)
where 8 s and 8 c have opposite chiralities. If the holonomy is trivial, and F is zero, then each of the 8s decomposes into eight singlets, and there are 32 covariantly constant spinors. If the holonomy is precisely SU(4), then one of the spinor representations decomposes as
and there are thus a total of four covariantly constant spinors, of a defined chirality; only 1/8 of the supersymmetry is preserved. If the holonomy breaks down further, a greater fraction of the supersymmetry will be preserved.
Given that this solution is obtained by requiring a fraction of the supersymmetry to be preserved, it is natural to assume that the field equations will also be satisfied. Let us first consider the equation for the 4-form. Then the equation of motion for F 2 is
where the conformal invariance of the field equation implies that there is no X 8 contribution. Now it was incorrectly stated in [3] that this equation implies no further condition on the 4-form than closure of F 2 . Using the explicit form for F 1 (taking the sign in (9) to be positive) we find that
where η 3 is the flat volume form on the transverse 3-fold and we take the dual * 8 in the Ricci-flat metric on the 8-fold. Since F 2 is harmonic, to satisfy this equation we must take F 2 to be self-dual. If we reverse the sign in (9), the covariantly constant spinors on the 8-fold must have the opposite chirality, and the four-form F 2 must be anti-self-dual. Thus we must include only self-dual/anti-self-dual forms in the summation (18) .
The field equation for F 1 does include an anomaly term and imposes a constraint on the scalar function as
where without loss of generality we have chosen the positive sign in (9) and f (x m ) = H −1 (x m ). Note that we are again taking the dual in the Ricci-flat metric on the 8-fold. When the 8-fold is compact, there is a relationship between the anomaly form defined in (6) and the Euler class for any manifold which admits a nowhere vanishing spinor [7] . For a nowhere vanishing positive chirality spinor to exist, the Euler class e(B 8 ) must be related to the first and second Pontryagin classes as
One can show explicitly that this constraint is satisfied by all eight-dimensional Calabi-Yau manifolds. Defining the Pontryagin classes as
it is apparent that that X 8 is related to the Euler class as
where Pf(R) is the Pfaffian of the curvature form. The volume contribution to the Euler number is given by the integral of e(B 8 )/(2π) 4 over the manifold. Note that in [3] the factors of (2π) were omitted; one can easily verify that one needs to include these factors when the Pontryagin classes are defined without factors of (2π).
Integrating (24) over a compact 8-fold with no boundary, we find that
Using the relationship to the Euler number we find the topological constraint on the 8-fold
where χ is the Euler number. Thus the constants v i are constrained, and the possible compactifications are restricted topologically. Since the Euler number will not vanish for topologically non-trivial compactifications, F 2 cannot vanish. One can obtain a natural interpretation of this topological constraint in terms of the quantisation law for the 4-form [6] .
Whenever the anomaly form, and hence the Euler number, vanishes, the 4-form F 2 must be zero; we can then have nowhere vanishing spinors of both chiralities on the 8-fold, and in the vacuum solution there will be up to 16 conserved spinors of each chirality.
If the anomaly does not vanish, one can also ensure that the net electric charge vanishes by including membrane point singularities which are localised within the 8-fold. The constraints on the 8-folds and the membrane charges are discussed in [8] . By replacing the Chern-Simons term in (24) by point membrane contributions, one can obtain the metric for such solutions.
We have discussed the analysis for positive chirality conserved spinors; let us now consider an 8-fold which admits covariantly constant spinors of negative chirality. Then the 8 s spinor representation must admit a decomposition containing singlets. From the above we know that we must include only anti-self-dual forms in F 2 whilst from [7] we know that the sign in (25) is reversed. Taking the minus sign in (9) we find that
where we include minus signs to indicate that we are taking quantities on an 8-fold which admits negative chirality conserved spinors. Now symmetry between the positive and negative chirality spinor solutions implies that there exist solutions for which the warp factor H(x m ) is the same for both. Then the Euler numbers of the corresponding 8-folds will be the same but both self-dual and anti-self-dual forms and the 8 s and 8 c spinor representations will be exchanged. In most of what follows we will assume that the conserved spinors are of positive chirality.
We said above that the other possible solution was an 8-fold of exceptional holonomy Spin(7). Although we can certainly find such solutions in the absence of an anomaly term [9] , one consequence of the constraints on F 2 is that compactification on a manifold of exceptional holonomy Spin (7) may not in general a solution of the field equations when we include an anomaly term. If supersymmetry is to be preserved, the harmonic 4-form must satisfy the condition
whereγ m are the gamma matrices on the Ricci-flat space B 8 , as well as the topological condition (29) . As for the compact Calabi-Yau 8-folds, a generic Spin(7) manifold may not admit such a self-dual harmonic form satisfying the topological constraint.
One can however show that the unique Spin(7) invariant self-dual 4-form does satisfy this condition; this is apparent if one defines it as [10] ω mnpq =ζγ mnpq ζ,
and uses the properties of Majorana-Weyl spinors and of the gamma matrices. However to satisfy the topological constraint one may need to include other harmonic forms in F 2 which must also satisfy the condition above.
Given this form of the solution, it is straightforward to confirm that the Einstein equations are also satisfied. Since the anomaly term is related to a closed 8-form, variations vanish within the 8-fold, but there will be contributions to the 11-dimensional Einstein equations whenever the anomaly form is non-trivial.
III. NON-COMPACT VACUUM SOLUTIONS
Let us now suppose that the 8-fold is non-compact; the net electric charge need not vanish, since there is a boundary to the 8-fold. This implies that there are no topological constraints imposed by the anomaly term on the 4-form.
For general non-compact 8-folds there may not be a well-defined cycle over which we can integrate a 4-form, and hence magnetic charge is not well defined. This problem has been discussed in the context of four dimensional Taub-Nut manifolds with dyonic magnetic fields [11] ; one cannot define charge by integrating the relevant components of the Maxwell 2-form over a sphere at infinity, since the topology of surfaces of constant radius is non-trivial. One can only define charges by considering the motion of point charges in the asymptotic region, or by taking analogies to asymptotically flat space-times. Taking an 8-fold which is the product of two such Taub-Nut manifolds, the harmonic 4-form cannot be integrated over a 4-cycle at infinity to give a quantisation condition. This will be a generic problem in the manifolds of non-trivial holonomy that we consider here.
Although for the compact manifolds, the number of harmonic 4-forms is given by the related Betti number b 4 , for non-compact manifolds we can include all harmonic 4-forms whose norm is finite, and which satisfy the constraints (17) or (32) . This can include those not counted in the Betti number, since they are non-zero on the boundary at infinity. In fact, harmonic 4-forms for which the magnetic behaviour is non-trivial cannot vanish on the boundary at infinity. As an example, we can again consider Taub-Nut cross Taub-Nut; the fourth Betti number vanishes; yet there exists a harmonic form with finite norm which is non-zero on the boundary.
In the compact case if the anomaly form is non-trivial one must necessarily choose at least one of the v i to be non-zero for a solution to exist. In the non-compact case, the magnitude of the 4-form is arbitrary; one can choose the integers to be as large or small as one requires, and adjust the solution of the scalar equation accordingly. In particular, one can choose the v i to vanish, which has the advantage of giving trivial magnetic behaviour. One can then certainly have Spin (7) solutions when the 8-fold is non-compact, for which one includes arbitrary amounts of the Spin(7) invariant 4-form.
For positive chirality conserved spinors, we must still take the four-form to be self-dual on the 8-fold for a solution to exist. For non-compact 8-folds there is no topological obstruction to he existence of non-vanishing spinors, but the relationship between the Pontryagin and Euler class (25) still holds, although the integral of the Euler class of course gives only the volume contribution to the Euler number.
If X 8 is trivial, then we can choose H(x m ) to be harmonic, and, for vacuum solutions, to be a constant. The solutions we obtain this way are
which are widely known. However, if the holonomy of B 8 is non-trivial, the anomaly term may not vanish, and one cannot necessarily choose the scalar function to be constant. The physical interpretation is that there is a background charge distribution over the 8-fold. One would however expect that the anomaly term vanishes if the action of the holonomy group on one section of the tangent space of the 8-fold is trivial, and hence part of B 8 splits off as lines. Assuming a fraction of the supersymmetry is preserved, the anomaly will contribute only if the holonomy of B 8 is Spin (7), SU(4), Sp(2) or Sp(1) × Sp(1). Even if the holonomy is contained in one of these groups, the anomaly can still vanish in special cases, which we will discuss in §4.
If the original 8-fold is non-singular, the anomaly form X 8 should be smooth and continuous over the 8-fold. Similarly, finiteness of the energy will require that the Chern-Simons term F ∧ F has no singularities. Thus the background charge distribution implied by the equation for the scale factor (24) is smooth, non-zero, and finite at all points in the 8-fold. This implies in turn that a non-singular smooth solution for the scalar function will exist.
We will give here three examples of such 8-folds; the first has holonomy is Sp(1) ⊗ Sp(1), the second is Calabi-Yau whilst the third has holonomy of precisely Spin(7).
The simplest example of a non-trivial solution of this type is to take B 8 as Taub-Nut times Taub-Nut. One would expect more general T 2 invariant hyperKähler metrics of this type, such as those constructed in [12] , to give solutions of a very similar form. The holonomy is Sp(1) ⊗ Sp(1), and one quarter of the supersymmetry is preserved. There is a single harmonic 4-form which is the wedge product of the 2-forms on the individual Taub-Nut manifolds. One can take the metric to be
where we take the metric on each manifold to be
so that the m i are the nut parameters and ψ i is periodic with period 16πm i . For simplicity we consider the single-center metric on each manifold although this is an unnecessary restriction. Since B 8 is a direct product of two 4-folds, the (TrR 4 ) term in the anomaly form vanishes and we can show that
where we will not need the constant of proportionality, but the absolute sign is important. Since the volume contribution to the Euler number of each Taub-Nut manifold is one [13] , X 8 integrates over the 8-fold to −1/24. If we include a non-trivial magnetic 4-form, we must take it to be
with k a real constant, which has finite norm
Note that the sign of F ∧ F is positive, and F is self-dual on the 8-fold. The magnetic "charge" can be expressed as
Now the equation for the scalar function H(x m ) (24) can be expressed in coordinate notation (in terms of the Ricci-flat metric on Taub-Nut cross Taub-Nut,g mn ) as
where g(r i ) is a negative definite function on B 8 . Since the function depends only on the radii, the charge distribution is delocalised in the toroidal and angular directions. It is important to note that however positive or negative we choose the magnetic charge to be the function in (41) will always be negative. If one ignores the anomaly and 4-form terms, then the field equations are solved provided that H(x m ) is harmonic, as was found in [15] . The anomaly term will give only a small correction to the scalar function at infinity, but cannot be neglected.
Supposing one defines the charge as
then the contribution to q from the background of (41) is positive since the charge density is positive definite throughout the manifold. The scalar function H(x m ) satisfies a Poisson equation, with the positive charge density being concentrated about the origin of the two manifolds, and decaying at infinity. The form of the operator on the product manifold makes it difficult to solve the equation explicitly, but we would expect that there exists a non-singular solution of the form
where h(r i ) is a function which is positive definite throughout the manifold B 8 , peaks at a finite value at the origin r i = 0 and asymptotically vanishes.
We have been referring to this as a vacuum solution, but it is better interpreted in terms of eleven-dimensional Kaluza-Klein monopoles. When m 1 = 0 the solution can be described in terms of KK 6-branes [14] located at the origin r = 0. The anomaly and Chern-Simons terms vanish and one half of the spacetime supersymmetry is preserved by the solution. If the 6-branes are located in the (123456) plane, then the condition for unbroken supersymmetry is [16] 
which again gives us 16 conserved spinors. If we then add 6-branes located in the (12789(10)) plane only spinors satisfying
preserve supersymmetry. One half of the spinors satisfying (44) will also satisfy this condition, and so one quarter of the supersymmetry is preserved, as we found above. Suppose one dimensionally reduces the two monopole solution along closed orbits of the Killing vector ∂ ψ 2 . Then the 6-branes lying in the (123456) plane are reduced to the D6-branes of type IIA theory [17] , whilst those lying in the (12789(10)) plane are reduced to IIA KK monopoles. Since the D6-brane charge is quantised, the "nut" charges will determine the number of D6-branes in ten dimensions.
The effective ten-dimensional solution then describes D6-branes intersecting with IIA monopoles, a configuration preserving 1/4 of the supersymmetry. The presence of a nonzero anomaly form implies that one should have electric charge corrections to such a solution.
As mentioned in the introduction, whenever a p-brane is wrapped around a surface of nonzero first Pontryagin class, one expects that the p-brane picks up a (p−4)-brane charge. Our explicit construction of the spacetime solution demonstrates the eleven-dimensional origin of the membrane charge of the D6-brane induced when it wraps a topologically non-trivial space.
If one chooses B 8 as Taub-Nut cross any 4-fold of Sp(1) holonomy B 4 , then the anomaly form is given by
Integrating over the 8-fold we find that the induced electric charge is
where p 1 (B 4 ) is the first Pontryagin number of the 4-fold. Now in [8] the value of the charge induced on a p-brane wrapped around a surface of non-zero first Pontryagin class was given as 1/48 of the first Pontryagin number. Allowing for normalisation differences in the 4-form and the Pontryagin classes, our result is consistent.
Our second example is the generalised Eguchi-Hanson solution in eight dimensions. This manifold was first discussed in [18] , [19] and the metric was given in the form that we shall use here in [20] . It is an ALE Ricci-flat Kähler manifold, which hence has holonomy SU(4). The form of the metric is
where the metric g ij on CP 3 is chosen with the scale R ij = 8g ij and dA is the Kähler form on the complex projective space. The behaviour of this solution is analogous to that of the more familiar four dimensional solution; in particular, the radial coordinate runs between a and infinity, and the CP 3 fixed point set of the isometry ∂ τ allows us to calculate the Euler number as four using the Lefschetz fixed point theorem.
The anomaly form for this manifold is
where η 6 is the volume form on the complex projective space. By calculating the surface contribution to the Euler number, one can then verify that the anomaly form gives the correct volume contribution. Assuming that the harmonic form vanishes the warp factor equation is theñ
which has the regular solution
One can also take the harmonic form F 2 to be non-vanishing; if F 2 is proportional to the (self-dual) canonical four form then there will be an additional contribution to (50) which is also negative definite and proportional to 1/R 16 . Solving for the scalar function then gives an additional 1/R 6 term in (51).
As a third example, we mention an 8-fold with Spin(7) holonomy which was discussed in [10] . The metric takes the form of a quaternionic line bundle over a 4-sphere
where ds 2 4 is a suitably scaled metric on the base 4-sphere and σ i are left-invariant one-forms on the SU(2) fibres of the bundle over S 4 . The functions α, β and γ are given by
Asymptotically this solution tends to the metric on the cone
where the metric on the seven-sphere is a homogeneous "squashed" Einstein metric. Given the curvature tensor for such a solution calculated in [21] , we can calculate the anomaly form; again it describes a smooth positive charge distribution. Inclusion of an F 2 term satisfying the constraint (32), such as the Spin(7) invariant 4-form, simply modifies the warp factor and increases the positive charge background.
IV. GENERALISED MEMBRANES
Given vacuum solutions asymptotic to M 3 × B 8 which preserve some or all of the supersymmetry, it is natural to ask whether we can include membranes. The backgrounds discussed above remain supersymmetric solutions if we include contributions to H(x m ) which are harmonic on the 8-fold. Point singularities are naturally interpreted as the positions of parallel membranes, and these membranes do not necessarily break any more of the supersymmetries.
It is worth considering here the nature of harmonic solutions on the 8-fold. For the standard membrane on R 8 , the natural choice of harmonic function describes a single membrane localised at what can be chosen to be the origin of the 8-fold. The equation satisfied by the scalar function is
where the delta function integrates over the manifold to give one. Then we choose
where V 7 is the volume of the seven sphere. This choice of scalar function gives the familiar membrane solution of [22] . The charge can be defined as
as expected. Evidently inclusion of further point singularities in the harmonic function simply describes additional parallel membranes. Such solutions preserve 1/2 of the supersymmetry. Note that the scalar function is positive definite when the charge q is positive. Now let us consider harmonic functions on the product of two Taub-Nut manifolds. Suppose we look for a solution which depends neither on the position in one of the TaubNut manifolds nor on the circle direction in the other. An appropriate solution is given by
where our notation refers to the change in the scalar function induced by the inclusion of a point singularity. This describes a membrane of positive charge which is localised at the origin of one of the Taub-Nut manifolds, but which is delocalised in the other manifold, and along the circle direction. Such a solution preserves only 1/4 of the supersymmetry, provided of course that we include an appropriate anomaly term. The ten-dimensional interpretation is as a delocalised membrane contained within a D6-brane and IIA monopole. As we would expect the charge determined by this harmonic function diverges, although the charge per unit volume of the second Taub-Nut manifold is finite; that is, the divergence is caused by delocalising the membrane over a non-compact manifold.
If we take the function to be the sum of two harmonic functions on the individual 4-folds, the resulting solution will represent two parallel membranes, each of which is localised at the origin of one manifold, but delocalised in the other manifold. Such a solution still preserves 1/4 of the spacetime supersymmetry.
If we want the membrane to be localised at the origin of each Taub-Nut manifold, then we need to look for a solution to
where the delta function implies that the membrane is localised both in the circle directions, and at the radial origin of each 4-fold. Note that we have chosen the sign so that the change in the scalar function is positive definite throughout the manifold. There are several reasons for this choice: α must be positive if H(x m ) is not to pass through zero and if the mass of the membrane is to be positive. The solution to the equation above does not have a simple analytic form, and we will not discuss the explicit solution. We would expect the scalar function to be mildly singular at the membrane location, although the singularity may behave similarly to the horizon of the ordinary membrane [23] .
We can find an explicit solution for the other 8-folds discussed in the previous section. For example, for the generalised Eguchi-Hanson solution, the change to the scalar function obtained by solving (59) is δH(x m ) = 3α 32π 4 a 6 {ln(
Then the scalar function falls off as 1/R 6 at infinity, and diverges logarithmically at the origin R = a. Unlike the ordinary membrane, for which the spacetime approaches the regular manifold AdS 4 × S 7 [23] at the membrane, the size of the complex projective spaces will blow up logarithmically as we approach the membrane.
Let us now consider whether we can interpret these types of solution as membranes. Since the equation for the warp factor on B 8 takes the form (41), a solution including point singularities in H(x m ) can be interpreted as localised membranes within a background charge distribution. Now we have found that such point singularities must have a definite charge, implied by taking α to be positive in (59). If such a solution is to represent a membrane solution, the choice of signs in the spacetime equations must be consistent with the choices made to satisfy the membrane field equations.
The bosonic sector of the membrane action [22] is given by
where T is the membrane tension, and γ ij is the metric on the membrane world-volume, and ξ i are world-volume coordinates. X M = (X µ , Y m ) are the spacetime coordinates, with µ = 0, 1, 2 and m = 3, .., 11. There is a correction to the energy momentum tensor arising from the membrane source term
As in §2 we have taken κ 2 = 1. The corresponding equation of motion for the four-form then gives a correction to the scalar function
From the membrane action, we have the membrane field equations
Now if one takes the static gauge choice and solution
one can verify that with the choice of F M N P Q corresponding to positive chirality conserved spinors the membrane field equations are satisfied provided that we choose the negative sign of the Wess-Zumino term in (61), and vice versa. The correction to the scalar function satisfies
Comparison with the source term (59) then implies that α = T , which is analogous to the relationship for the ordinary membrane [22] .
We then need to determine the number of supersymmetries that are preserved when we include membrane point singularities. Preservation of the world-volume supersymmetries requires that the spinor η must satisfy the condition
where we have taken the sign to be negative in the Wess-Zumino term (61), and
For our solutions we have Γ = 1 ⊗ γ 9 , so that the preserved world-volume supersymmetries are of the same chirality as the preserved spacetime supersymmetries. Thus the membrane does not break any more spacetime supersymmetries than the vacuum solution, and our solutions can indeed be interpreted as a membranes with T 2 invariant hyperKähler, CalabiYau and Spin(7) transverse spaces preserving 1/4, 1/8 and 1/16 of the supersymmetries respectively.
For the monopole solutions, one can see why the addition of a membrane in the (12) plane to a (123456) and (12789(10)) brane configuration does not break any more supersymmetries. The above condition on the spinor does not impose any more restrictions that the two conditions (44) and (45).
There are several points to make about these generalised membrane solutions. All the solutions which we have discussed describe positive/negative charge membranes within a positively/negatively charged background. At first one might think that this indicates a possible instability of such membranes, in which the membranes decay into a background with a greater Chern-Simons term. The ordinary membrane could not of course decay in such a way, since there exists no harmonic 4-form on R 8 which is finite at infinity. However it seems more likely that the bulk charges would decay quantum mechanically into membranes, a point that will be illustrated in the following section.
We should also mention the differences between the generalised membranes discussed here and those considered in [24] . The motivation for the construction of the latter was the observation that the solution for the ordinary membrane is asymptotic to AdS 4 × S 7 at the membrane location. Since there exist other Einstein 7-folds which admit Killing spinors, one might expect that there exist analogous membranes which are asymptotic to AdS 4 × B 7 where B 7 is a more general positive curvature Einstein manifold. The form of these solutions is
where H(r) is harmonic, and membranes contribute 1/r 6 terms to the scale factor. Evidently as for the ordinary membrane such solutions are non-singular at the membrane location. The Ricci-flat metric on the 8-fold has holonomy contained in Spin (7) when one chooses the manifold B 7 suitably, such as the squashed seven-sphere solution of [25] . Thus these membranes constitute one class of the solutions considered here, although we have allowed the metric to take a more general form.
Note that such a background is not complete in the absence of membranes; unless the metric on B 7 is the round metric on the sphere, there will be conical singularities at the origin r = 0. In fact, the Spin(7) 8-folds of this type, Ricci-flat metrics on cones, first constructed by [26] were all incomplete. The squashed seven-sphere solution mentioned above is closely related to the Spin(7) manifold discussed in §3; in the latter we smooth out the cone, with the singular "vertex" at r = 0 being replaced by a smoothly-embedded bolt.
Neither anomaly nor Chern-Simons terms were included in the analysis of [24] . Since the 8-fold is not flat, one might expect there to be corrections to the scalar function from an anomaly term; however, the form of the metric on the 8-fold indicates that the volume contribution to the Euler number vanishes, and no corrections are needed. In addition one cannot find a self-dual 4-form on the 8-fold which integrates to give a finite charge.
All of the 8-folds which we have considered admit at least a circle isometry group. As in [15] , we could dimensionally reduce the vacuum and membrane solutions to ten dimensions, and then apply duality transformations to obtain new solutions. Supersymmetry is not preserved by the dimensional reduction unless the Killing spinors are also invariant under the action of the isometry, a condition which is non-trivial for general Spin(7) 8-folds. However supersymmetry will certainly be preserved if we take the 8-fold to be hyperKähler and T 2 invariant as in [15] . We will not consider such dimensional reductions here, although in the next section we will consider dimensionally reduced solutions of a different type.
V. MODIFIED KALUZA-KLEIN MONOPOLE SOLUTIONS
So far we have mostly been interested in solutions which are manifestly elevendimensional for which the anomaly form is non vanishing. In this section we will consider the effects of including anomaly and Chern-Simons forms for solutions which can best be interpreted in lower dimensions.
When we compactify the solutions we need to be careful about the quantisation condition on the 4-form. The vacuum solutions we consider are of the same form as those in §3 except that the 8-fold is conformal to the product B 1 × B 2 where B 1 is compact (and one or more directions in B 2 is wrapped around a circle).
Preservation of any of the spacetime supersymmetry requires that B 1 is a torus or K3. The quantisation condition on the four-form is evidently trivial for the former, and, since the first Pontryagin class of K3 is canonically divisible by four, G must have integral periods [27] on K3 also. One cannot find a self-dual four-form on B 8 of non-zero period over K3 which is finite on the boundary, and so G has vanishing period over the compact 4-fold in the solutions considered here.
Directly dimensionally reducing an eleven-dimensional KK 6-brane gives a D6-brane in ten dimensions and wrapping this D6-brane around a torus gives an extreme fourdimensional black hole carrying a U(1) M magnetic charge, which preserves one half of the supersymmetry. The formal temperature of the black hole as defined by the surface gravity is infinite, and thus it has a naked singularity which is protected by an infinite mass gap [28] . Now for a single KK 6-brane with a flat transverse space, say in the (123456) directions, the anomaly form necessarily vanishes. If the transverse space (3456) is non-compact, then one cannot find a Chern-Simons form F 2 on the 8-fold which would give a finite charge. If however we wrap the KK 6-brane around a four torus, we can find such a form. Since in this case F 1 must be non-zero, only spinors of positive chirality on the 8-fold preserve the supersymmetry, and hence 1/4 of the supersymmetry is preserved. The eleven-dimensional interpretation of such a solution is as a generalised monopole solution with electric charge corrections.
If we further compactify the (12) directions on a two-torus, and take the circle direction in the Taub-Nut to be small, we again obtain an extreme black hole in four dimensions. That is, the eleven-dimensional solution is
where
The four-form is given by
where ω T 4 is the (constant) self-dual 2-form on T 4 and ω T N is the self-dual 2-form on TaubNut, given in (38). Then the charge in eleven dimensions is given by
where V 4 is the volume of the T 4 . Using the standard ansatz for dimensional reduction of the eleven-dimensional solution [29] , we find that the effective four-dimensional solution (in the Einstein frame) is
with the other effective fields in four dimensions being the dilaton, and a pseudo-scalar originating from F 2 . The notation for the gauge fields indicates that the charges come from different gauge groups, U(1) M and U(1) E .
From the form of the metric, the effective four-dimensional solution seems to describe an extreme U(1) M black hole of mass m with (singular) horizon at r = 0, plus an extreme U(1) E black hole of mass mk 2 with (singular) horizon at r = −4m. We can however rewrite the solution as
which looks like the metric for an extreme black hole carrying only one charge, with horizon at r = 0 and mass m(1 + k 2 ). Since the black hole again has a formal temperature which is infinite, it is protected by an infinite mass gap even though only one quarter of the supersymmetry is preserved and there are two non-zero charges.
We could also add a membrane to the KK monopole solution; the form of the solution is the same as in (70) except that the scalar function H(r) is now defined as
where we choose F 2 to vanish and delocalise the charge over the internal torus as required by the Kaluza-Klein ansatz. The charge in eleven dimensions is given by
whilst the effective fields in four dimensions are as in (74) with the only other scalar field being the dilaton. This solution describes a U(1) M × U(1) E black hole with horizon at r = 0 and singularity at r = −q or r = −4m depending on the relative magnitudes of q and m.
Since the formal temperature of the black hole is finite, it is protected from excitations by a finite mass gap. Again one quarter of vacuum supersymmetry is preserved. For given electric charge, the masses of both types of black hole solutions are of course the same, although the temperatures and singularity structure differ. Actually the fourdimensional solutions differ only in the background fields, and the location of the electric black hole. Although the most interesting membrane plus D6-brane intersections are those for which the branes are localised at the same point in the transverse space, one can find a multi-center solution in which the membrane in ten dimensions is located at r < 0 whilst the D6-brane is located at r = 0. The resulting four-dimensional black hole solution differs from (70) only by the absence of the pseudo-scalar field.
The most general eleven-dimensional solution of this type will have non-zero k and q, preserving one quarter of the supersymmetry. The four-dimensional solution can be interpreted in terms of electric black holes with singular horizons located at r = 0 and r = −4m and magnetic black holes with singular horizons located at r = 0. The effective solution has a non-singular horizon at r = 0 and a singularity at some r < 0.
It is also interesting to consider KK 6-branes wrapped around K3 × T 2 . In the supergravity theory one can interpret such a solution in four dimensions as an extreme magnetic black hole preserving one quarter of the supersymmetry. Since the anomaly form on K3× Taub-Nut is non-zero, one needs to include a warp factor in the solution. So the metric is
where h(r) is given in (70). Calculation of the anomaly form then implies that the scale factor satisfiesD
where c is a real constant which could be calculated. This equation is straightforward because the Euler class of K3 is proportional to the volume form. Then the scalar function is
and the associated electric charge is given by
where V K3 is the volume of the K3 and the Euler number of K3 (χ = 24) is used in calculating the latter equality. Since the first Pontryagin number of K3 is 48(2π) 2 one can also obtain this result from (47).
Reduction to four dimensions again gives us a black hole carrying two charges, which preserves one quarter of the supersymmetry, but is singular with a formally infinite temperature. The presence of the anomaly form causes the black hole to carry an electric charge as well as a magnetic charge.
One can include several different Chern-Simons forms F 2 in these solutions; choosing F 2 as in (72), the 2-form on K3 must be self-dual. There are three distinct self-dual 2-forms on K3, but the only way in which the 2-form, ω 2 , will contribute to the equation for motion is via the wedge product ω 2 ∧ ω 2 . As the latter is cohomologous to the unique harmonic volume four-form of K3, we know that
where η K3 is the volume form and C is a constant. The requirement that ω 2 is self-dual implies the exact term vanishes [27] , and so we can find solutions for which the correction to the scalar function is of the form (71). Chern-Simons terms modify the electric charge although the temperature of the black hole remains infinite. Inclusion of membranes wrapped around the two-torus gives a four-dimensional black hole with a finite temperature in the extremal state.
More generally, of course, we could wrap further membranes about holomorphic cycles in the torus or K3. One can have a (2 ⊥ 2 ⊥ 2) 6 KK configuration in which each of the membranes is wrapped around a torus. What is novel about our solutions is that one can also include Chern-Simons contributions to the 4-form from the self-dual 4-form on the 8-fold transverse to each membrane. With suitable choices of charge signs, the configuration still preserves 1/16 of the vacuum supersymmetry.
The effective four-dimensional black hole as usual has four charges and a finite horizon area, but the metric will be non-standard and pseudo-scalar fields will be non-zero. Depending on the relative sizes of the charges, there may be another horizon inside the horizon at r = 0 before one reaches a physical singularity.
Evidently the usual further generalisations of intersecting brane solutions are possible. Instead of taking the membranes to intersect over a point, one can choose them to be at general angles, with the Chern-Simons forms chosen appropriately. One can also wrap additional membranes about holomorphic cycles in K3; solutions of this kind were discussed in [30] . The effective four-dimensional single center solutions then preserve one eighth of the supersymmetry and describe extreme black hole with three U(1) charges.
A general feature of all these solutions is that black holes obtained by dimensional reduction of bulk distributions of charge have more singular horizons and higher temperatures than those with the same charge in membranes. This suggests that these bulk charges will decay quantum mechanically into membranes.
We should briefly mention "non-extreme" generalisations of these solutions. For the torus solution, one can make the eleven-dimensional monopole solution non-extreme by taking the metric to be of the form
where h(r) is defined in (70) and
In the eleven-dimensional solution there is a regular null horizon at r = µ, but the surface r = 0 is singular. As we take the limit of µ → 0, the temperature of the monopole diverges. The four-dimensional interpretation of this solution is a magnetic black hole with outer horizon at r = µ and inner (singular) horizon at r = 0. The charge is proportional to 4m(4m + µ) whilst the mass is m + µ/2, and the temperature diverges as we take the extremal parameter to zero.
One can generalise the single-center membrane solutions in the same way, following the ansatz of [31] ; these non-extreme configurations should be regarded as "bound-states" rather than as intersections of non-extreme branes. However a four-dimensional extreme solution which is a multi-center black hole system does not have a static non-extreme generalisation; the fields become time dependent, and the black holes approach the same location. It would be interesting to determine what happens to KK monopoles carrying Chern-Simons charges when one adds a little energy to the BPS solutions.
VI. FIVE-BRANE SOLUTIONS
If one considers a five-brane within an eleven-dimensional background for which the anomaly form is non-zero, then one has to take account of electric charge corrections. For example, corrections will be required for the generalised five-brane solutions discussed in [32] . The simplest solution to consider is that for a single five-brane
where we take the dual in the last equation on the manifold B 2 . M 2 is 2-dimensional Minkowski space, whilst the manifolds B i must be Ricci-flat to satisfy the field equations. F is a harmonic function on this manifold, and the magnetic charge is given by integrating F over the boundary of B 2 cross the line. Again point singularities in F represent localised five-branes.
Preservation of any of the spacetime supersymmetry requires that the holonomy of each of the B i is contained in SU(2) ∼ = Sp(1). Usually one assumes that the manifolds are flat, and one half of the background supersymmetry is then preserved in the 5-brane solution.
If B 1 has trivial holonomy, but B 2 has holonomy Sp(1), then the vacuum solution preserves 1/2 of the supersymmetry, and the 5-brane solution preserves 1/4 of the supersymmetry, with suitable choice of charge sign. If both of the manifolds have holonomy Sp(1) the vacuum solution preserves 1/4 of the supersymmetry, but the 5-brane solution preserves only 1/8 of the supersymmetry. This follows from the fact that the vacuum solution preserves eight Killing spinors, four of each chirality on the six-dimensional manifold M 2 × B 2 . If F has point singularities, then only spinors of one particular chirality on the world-volume preserve the supersymmetry.
In both of the B i are non-trivial, however, the anomaly form does not vanish. Using the conformal invariance of the field equation for the 4-form, we know that the anomaly polynomial is transverse to the conformally flat space. Note that if only one of the manifolds has non-trivial holonomy conformal invariance implies that the anomaly form vanishes.
Since a D4-brane wrapped around a space for which the first Pontryagin class does not vanish picks up an induced 0-brane charge and the M5-brane reduces to the D4-brane on double dimensional reduction, one might wonder from where this charge originates in eleven dimensions. In fact, this charge originates from the self-dual 3-form field propagating on the worldvolume of the M5-brane. However we do not need to use the worldvolume fields of the five-brane in what follows and can ignore the non-zero value of this field.
To find a solution which takes account of the anomaly, it is natural to add a correction of the type discussed in the previous sections. The corrected five-brane solution will take the form
where η is the volume form on the flat space. F remains a function which is harmonic on B 2 , whilst H satisfies the equation (24), with additional point singularities representing membranes. One can verify that the addition of such scalar function terms to the metric and to the 4-form does not break any additional supersymmetries, provided that one chooses charge signs appropriately. Even if one includes point singularities in H(x m ) representing membranes, 1/8 of the supersymmetry is preserved.
The physical interpretation of this result is that a 5-brane wrapped around a space of non-trivial holonomy, with a non-flat transverse space receives electric charge corrections when one takes account of the anomaly. Note that just as for the single membrane one add an arbitrary amount of self-dual harmonic 4-form on the 8-fold; this will not affect the amount of supersymmetry that is preserved.
Furthermore the solution representing two 5-branes intersecting on a string, which was discussed in [15] , must in general be corrected to
with H(x m ) satisfying (24) . Here M 2 is Minkowski space, and B i are Ricci-flat fourdimensional manifolds with holonomy contained in Sp(1). In the last line, * i implies that the duals are taken on the manifolds B i . Such a solution is the same as in [33] , except that the definition of H(x m ) includes both anomaly and Chern-Simons terms. In the absence of an anomaly term, the field equations are satisfied provided that the functions H i are harmonic on the manifolds B i . If the B i are flat, then each fivebrane preserves 1/2 of the supersymmetry, and the overlap preserves 1/4 of the supersymmetry. Inclusion of point singularities in H(x m ) gives a solution preserving 1/8 of the supersymmetry.
If only one of the B i is flat, then we obtain a solution when H(x m ) is harmonic. If H(x m ) is constant, then 1/8 of the supersymmetry is preserved. Inclusion of point singularities in H(x m ), i.e. membranes wrapped around the conformally flat space, does not affect the amount of supersymmetry which is preserved. If both of the B i are hyperKähler, the scalar function is no longer harmonic, but 1/8 of the supersymmetry is preserved, whether or not we include membranes, provided that we choose the signs of charges suitably. Again one could add an arbitrary amount of 4-form on the 8-fold, without breaking any more supersymmetry.
Although the B i can be any manifolds of Sp(1) holonomy, one obtains the most interesting physical interpretations for T 4 , K3 and Taub-Nut manifolds. Suppose that both of the B i are Taub-Nut manifolds. Then our general solution (87) describes two five-branes intersecting a membrane over a string. Each five-brane is parallel to one KK 6-brane and intersects the other over the common string. One could wrap further membranes around holomorphic cycles in the Taub-Nut manifolds to obtain solutions preserving smaller fractions of the supersymmetry.
If one of the B i is a torus, and the other is Taub-Nut, then compactification to four dimensions of the single five-brane plus monopole solution gives us a black hole with two magnetic charges which preserves 1/4 of the supersymmetry. Addition of a Chern-Simons term leads to a black hole carrying three charges which preserves 1/8 of the supersymmetry, but which still has a finite temperature. If we include membranes, the four-dimensional interpretation of the solution is as a black hole carrying three charges, preserving 1/8 of the supersymmetry, which has zero temperature. Obviously wrapping the 5-branes around K3 × T 2 gives analogous black hole solutions.
Solutions describing three overlapping five-branes are known; for example one can have the fivebranes all overlapping on a string, and each pair overlapping on a three-brane [32] . As one would expect, the solutions generically preserve 1/8 of the background supersymmetry. However the anomaly form necessarily vanishes, since the three-brane spaces must be conformally Ricci flat, and thence Riemann flat. Even if one wraps the branes around tori, there exists no finite Chern-Simons form. More generally, the anomaly form can only be non-zero when we have two transverse four dimensional manifolds with non-trivial holonomy, or an eight-dimensional manifold with non-trivial holonomy.
There is a more general class of five-brane solutions related to the vacua B 3 × B 8 where the holonomy of a manifold conformal to B 8 is a larger subgroup of Spin (7). One can wrap a five-brane around M 2 × Y 4 , where Y 4 is a 4-fold within the 8-fold. A related discussion wrapping branes about cycles within such manifolds can be found in [30] and [34] . With suitable choice of the 4-fold one may preserve a fraction of the supersymmetry. Since the anomaly form is non-vanishing, one gets electric charge corrections, and the resulting fivebrane solutions are the generalisation of that given above.
There is also a class of solutions obtained by including Brinkmann waves. One can include a wave to any intersection involving at least a common string. Thus one could for example add a wave to a KK 6-brane parallel to a five-brane intersecting a membrane along a string. Wrapping around a torus or K3 × T 3 , the boosting gives us a four charge black hole in four dimensions. Chern-Simons and anomaly terms give corrections to the mass, charge and singularity structure of the resulting black hole.
APPENDIX: CONVENTIONS
The different type of indices that we use are as follows. M = 0, .., 10 represent elevendimensional space-time indices. µ = 0, 1, 2 represent three-dimensional space-time indices. m = 3, .., 10 represent eight-dimensional space-time indices. We use A = 0, .., 10 to indicate eleven-dimensional tangent space indices. When referring to 8-folds admitting a complex structure, we use indices a,ā where a = 1, .., 4.
The d = 11 Dirac matrices Γ M satisfy
where g M N has signature (−, +, .., +). Γ M 1 ..Mn is the anti-symmetrised product
where the square bracket implies a sum over n! terms with a 1/n! prefactor. The chirality operator is defined by 
For further conventions and identities applying to the Dirac matrices, see the Appendix of [3] . A further convention used in the derivation of (14) is that ǫ 012 = 1 on M 3 .
